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Abstract
This paper presents the geo-logarithmic family of price indexes and gives a new
characterization of the Sato-Vartia index, showing that it is the only geo-logarithmic
formula being factor reversible.
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1 Introduction
The geo-logarithmic family of price indexes was introduced in the early ’90s.
A complete study of the properties of this family has not been worked out yet,
but it is known that its members have a set of pleasant properties (Martini,
1992a,b), as brieﬂy discussed in the following. Among its members, the Sato-
Vartia index is the only one being factor reversible and this property can be
used to characterize it.
2 Notation and basic deﬁnitions
Let pa, pb, qa and qb be four n-dimensional vectors (n ≥ 2) of strictly positive
components, representing the prices and the quantities of the same n goods
in situation a and in situation b (b is considered as the basis, i.e. the reference
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is called the value index between a and b. The aim of price and quantity index
theory is to decompose the value index as the product of two strictly positive
functions
V = P(pa,pb,qa,qb) · Q(pa,pb,qa,qb) (2)
where P accounts for the variation of the prices and Q accounts for the varia-
tion of the quantities between the situations a and b.
In the axiomatic approach to index numbers, a set of axioms (or tests) is
identiﬁed and price and quantity index formulas that satisfy them are searched
for (Balk, 1995; Eichhorn & Voeller, 1990, 1976a,b). In this paper, we focus
just on the axiom of factor reversibility.
A price index P is said to satisfy the factor reversibility axiom if the following





The right-hand side of the above expression is called the factor antithesis of
P. Thus we can reformulate this axiom requiring the price index and its factor
antithesis to coincide.
3 The geo-logarithmic family
The starting point for the deﬁnition of the geo-logarithmic family is the well-
known geo-logarithmic decomposition of the value index V (Martini, 2003),
that we state without proof.
Proposition 1 Let pa, pb, qa and qb be the price and quantity vectors of










































i = 1,...,n (6)
and τ(wai,wbi) is the logarithmic mean Λ(wai,wbi) of wai and wbi, deﬁned for




























are, respectively, the Sato-Vartia price index and the Sato-Vartia quantity
index (Sato, 1976; Vartia, 1976).




















i = 1,...,n. (11)
























where τxyi = τ(wxi,wyi). The geo-logarithmic parametrization contains some
important price indexes. It can be directly shown that P00 is the Laspeyres
index, P11 is the Paasche index, P0.5 0.5 is the Walsh index and P10 is the
Sato-Vartia index.
3As mentioned above, a complete study of the properties of the geo-logarithmic
family has not been worked out yet. Nevertheless, this parametric family ap-
pears to be an interesting one, for the following main reason. The choice of
a speciﬁc price index P induces the choice of V/P (known as the cofactor
of P) as the associated quantity index, in the decomposition (2). Within the
framework of axiomatic index number theory, it can be shown that even if a
price index satisﬁes the essential axiomatic properties of proportionality and
homogeneity, its cofactor need not (Martini, 1992a). On the contrary, it can
be easily proved that geo-logarithmic price indexes do satisfy these properties
together with their cofactors. Moreover, among the price indexes proposed in
literature, it appears that the only indexes whose cofactors satisfy such axioms
belong to the geo-logarithmic family or can be obtained from that family by
means of simple transformations (Martini, 2003). In other words, it seems that
the geo-logarithmic family is the “source” of “well-behaved” price indexes with
“well-behaved”cofactors (however, this conjecture has not been deeply studied
yet).
4 Some preliminary results
To prove that the Sato-Vartia price index is the only factor reversible element
of the geo-logarithmic family, we need ﬁrst to establish some preliminary re-
sults. Choose the price and quantity vectors as follows:
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ε being arbitrarily small. With this choice, the logarithm of a geo-logarithmic
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−1 + (n − 1)(x + y)
2n2 (22)
B(x,y)=
2 + (2 − 3n + n2)(x2 + xy + y2)
6n3 +
−
2(n2 − 1)y + (4 − 3n − n2)x
6n3 (23)
(the computations involved in the Taylor expansions are very lenghtly and
have been performed using Mathematica c 
).
Using the above expansion, the following lemma shows that the geo-logarithmic
parametrization is not redundant.
Proposition 2 If (x,y) 6= (u,v), then Pxy 6= Puv (x,y,u,v,∈ [0,1]).
Proof. We will prove the lemma, showing that if (x,y) 6= (u,v), then the Taylor
series (21) of lnPxy and lnPuv are diﬀerent. Let n ≥ 2 and let u,v ∈ [0,1]
be ﬁxed. Choose x ∈ [0,1] and y ∈ [0,1] such that Pxy = Puv. If the price
and quantity vectors are chosen as in (14) - (17), then from (21) the equality
Pxy = Puv implies the conditions (i) A(x,y) = A(u,v) and (ii) B(x,y) =
B(u,v). From (22), condition (i) gives
−1 + (n − 1)(x + y)
2n2 =
−1 + (n − 1)(u + v)
2n2
or
y = u + v − x. (24)
Taking into account (23) and (24), after some algebraic computations condi-
tion (ii) becomes
(2 − 3n + n2)(x − u)(1 − v + x)
6n3 = 0 (25)
i.e. x = u or x = v −1. If x = u, then from (24) it is y = v. If x = v −1, then
v = 1, (since x,v ∈ [0,1]), but then necessarily x = 0 and, again from (24),
y = u + 1. The latter equality implies u = 0 (otherwise y / ∈ [0,1]) and y = 1.
Hence, in either cases, x = u and y = v.
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The following corollary, needed in the characterization of the Sato-Vartia in-
dex, now follows easily:
Corollary 3 Let p∗
a = (p,1,...,1) and p∗























for every x,y ∈ [0,1] such that (x,y) 6= (1,0).









b), as functions of p, diﬀer in a neighborhood of p = 1. In
particular, this holds if u = 1 and v = 0. Thus p exists such that condition
(26) is satisﬁed.
2
5 Characterization of the Sato-Vartia price index
We can now formulate and prove the main theorem of this paper.
Theorem 4 The only element of the geo-logarithmic family satisfying the fac-
tor reversibility axiom is the Sato-Vartia index.
Proof. From (5) it follows immediately that the Sato-Vartia price index does
satisfy the factor reversibility axiom, so we need only to prove that no other
geo-logarithmic price index does. The proof is by contraddiction. Let x,y ∈
[0,1]. If Pxy satisﬁes the factor reversibility axiom, then from (3) for any choice
of the price and quantity vectors, the following identity holds:






Since the Sato-Vartia index P10 satisﬁes the factor reversibility axiom, (27)
can be equivalently written as:
Pxy(pa,pb,qa,qb) · Pxy(qa,qb,pa,pb) = P10(pa,pb,qa,qb) · P10(qa,qb,pa,pb)
(28)
for any choice of the price and quantity vectors. Let us consider the price
vectors p∗
a = (p,1,...,1), where p 6= 1 and p > 0, and p∗





b. Corollary 3 shows that for every ﬁxed x ∈ [0,1) and










































































since price indexes are certainly positive.
Clearly, (32) and (29) are incompatible.
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